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The amplification of transverse Reynolds stresses in shock–turbulence interactions is studied at a wide range of

Mach andReynolds numbers using well-resolved direct numerical simulations. Data show that the Reynolds stresses

change significantly across the shock with a clear dependence on characteristics of the turbulence upstream of the

shock, an effect not captured by classical theories. Budget analysis shows that pressure–dilatation and dissipation

dominate the transport of the transverse stresses, which are further analyzed in the context of linear analysis. Data

suggest that amplification factors for transverse stresses follow K-scaling in both wrinkled and broken regimes.

Unlike the amplification of streamwise stresses, no transition is observed to a regimewhere transverse stresses depend

solely on the mean Mach number, at least for the conditions studied here. Possible explanations are discussed.

I. Introduction

S HOCK–TURBULENCE interactions occur in many engineer-
ing applications, such as hypersonic flight and supersonic

combustion. During these interactions, turbulent fluctuations are
significantly affected by shock compression. Such a phenomenon
is known as turbulence amplification. To quantify this amplifica-
tion, a theoretical approach known as linear interaction analysis
(LIA) was put forth in Refs. [1,2] and further extended by others
[3–7]. Recently, the LIA framework was used to study more com-
plex variables such as pressure–dilatation [8].
One of the predictions of the LIA is that the so-called amplification

factors (the ratio between the value of a turbulence statistics down-
stream and upstream of the shock), in general, depend solely on the
mean Mach number M. However, these predictions were found to
deviate from direct numerical simulations (DNSs) data [9–13] and
more so at increasing turbulent intensities. As the turbulent intensities
can be very high in atmospheric boundary layers [14] and astrophys-
ics [15], it is important for engineering applications to account for the
amplifications under such strong turbulence environments. A large
body of literature [10,16–18] has shown, for example, that changes
Reynolds stresses experience as one crosses the shock depend also on
the characteristics of turbulence upstream of the shock, not justM as
predicted by LIA. To account for this, Donzis [19] proposed a new

parameterK ≡Mt∕R
1∕2
λ ΔM (whereΔM � M − 1,M is meanMach

number, Rλ the Taylor-scale Reynolds number, andMt the turbulent
Mach number), which represents the ratio of Kolmogorov length
scale to the laminar shock thickness and collapsed all the available
data on streamwise Reynolds stresses (R11). Follow-up work [17]
uncovered an M dependence when K is small and proposed a
universal scaling that accounts for proper scaling laws on different
variables in different limits. However, most of the work has been
focused on streamwise Reynolds stresses. The few comparisons of
transverse Reynolds stresses with LIA in the literature revealed that
the theory predicts amplification factors that are larger than those

observed in numerical studies [7,10]. Figure 1 shows the instanta-
neous distributions of streamwise and transverse velocities. One can
see a different qualitative behavior in terms of their evolution down-
stream of the shock. Thus, the present work focuses on quantifying
the characteristics of transverse Reynolds stresses and their depend-
ence on the governing parameters.

II. Numerical Methods

The present study extends our own previous work [17] based on
DNSs of the full compressible Navier–Stokes coupled with ideal gas
equation of state.

∂ρ
∂t

� ∇ ⋅ �ρu� � 0 (1a)

∂
∂t
�ρu� � ∇ ⋅ �ρuu� � −∇p� ∇ ⋅ τ � ρf � S (1b)

∂
∂t
�ρe� � ∇ ⋅ �ρeu� � −p∇ ⋅ u� ∇ ⋅ �κ∇T� � τ ⋅ ∇u� Se (1c)

where ρ is density, u is the velocity vector, p is pressure, τ is the
stress tensor for a Newtonian fluid, f is the body force vector used
to generate turbulence, S is a sponge vector, e is internal energy,
κ is thermal conductivity, and T is temperature. Temporal and
spatial derivatives are approximated by a 3rd-order Runge–Kutta
method and a 10th-order compact scheme, respectively [20,21]. In
the present study, subscripts 1 and 2 are used for the streamwise
and transverse directions. Favre average is adopted, with ~⋅ and 0 0
representing the mean and the corresponding fluctuations. The
averages were computed over the two homogeneous transverse
directions and over five flow-through times. As a result, Reynolds
stresses only change in the streamwise direction x and are thus

denoted as, e.g., Rαα�x� ≡ gu 0 0
α u

0 0
α �x�.

To comprehensively assess the behavior of Reynolds stresses, both
isotropic and anisotropic turbulence were generated upstream of the
shock. For isotropic turbulence, the turbulent fluctuations are first
generated in a triply periodic box. Once the expected turbulent
conditions are obtained in terms of Rλ and Mt, the box is convected
at Mach number M to interact with the shock using Taylor hypoth-
esis. For anisotropic turbulence, we trigger turbulence using stochas-
tic forcing as the flow develops spatially toward the shock. Because
of streamwise production, the turbulent fluctuations are slightly
anisotropic. This approach is termed “spatially developed turbu-
lence.” The computational domains for the isotropic and anisotropic
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cases are 4π × 2π × 2π and 6π × 2π × 2π, respectively. The large
DNS database comprises a range of mean Mach numbers
(M � 1.1 − 1.4), Taylor Reynolds numbers (Rλ ∼ 5–65), and turbu-
lentMach numbers (Mt � 0.02–0.54), which includes bothwrinkled
(Mt∕ΔM < 0.6) and broken (Mt∕ΔM > 0.6) regimes [17]. To fully
resolve both the shock and turbulence, grids fine enough were used,

with the highest resolution being 4096 × 5122. Multiple critical
quantities, such as enstrophy, pressure variance, and the variance of
velocity dilatation, were converged at δl∕Δx ≈ 4.5, where δl is the
shock thickness [22] and Δx is the grid size in the streamwise
direction. For the most stringent cases, we also observed grid con-
vergence at η∕Δx ≈ 2.5 at x � x1, which exceeds the widely used
criterion η∕Δx � 0.5. We have verified that η∕Δx > 2 was satisfied
throughout the entire domain, even inside the shock, in every simu-
lation. In addition, uniform grids were used in the entire domain,
including the triply periodic box, to minimize potential anisotropies
induced by the grid.
Downstream of the shock, two sponges were implemented. The

first sponge is used to stabilize the shock by imposing an appropriate
postshock pressure. The second sponge accelerates the flow
smoothly to supersonic conditions so that no characteristics would
travel upstream. Formally both sponges are introduced by an addi-
tional term in the governing equation of the form

Sq � Ahqi �x − xs1�n1�x − xs2�n2
ln1�n2�1
s

�qref − q� (2)

where A is a constant, h⋅i is an average over the sponge region, xs1
and xs2 are the beginning and the endpoints of a sponge, ls is the
length of a sponge, and n1 and n2 are constant exponents. In the
present simulations, �n1; n2� � �1; 1� in the first sponge and �2; 0�
in the second sponge. The subscript “ref” stands for the imposed
value that a variable inside the sponge converges to. More details
regarding the numerical methods, grid resolutions studies, and
other numerical assessments can be found in our previous studies
[17,23].

III. Results and Discussion

A typical streamwise evolution of R11 and R22 is shown in Fig. 2
for Rλ ≈ 25, Mt ≈ 0.23, and M � 1.4 with the shock located at

xs � 0. The region between x1 and x2 0 (the minimum inR11 upstream
and downstream of the shock, respectively) is dominated by the shock
compression, followed by an expansion from x2 0 to x2 (the maximum
in R11 downstream of x2 0 ). More details regarding these characteristic
locations canbe found in [23].Wedefine the amplification factor of the
streamwiseReynolds stresses asGR11

≡ R11�x2�∕R11�x1� since x1 and
x2 can be conceptually thought of as the beginning and the end of
shock–turbulence interactions [17,19]. While this is a common defi-
nition, others have also been proposed [10,11].
To characterize the state of turbulence after the interactions (at x2),

one also needs the transverse stresses. This is clear from Fig. 3a,
wherewe see that the streamwise componentR11 does not exceed 0.5
of the turbulent kinetic energy outside the shock. Even inside the
shock, R11 is less than 0.5, the turbulent kinetic energy for high
turbulent intensities (see lines blue in Fig. 3a). Therefore, transverse
stresses are an important factor in completely characterizing the
interaction. In particular, we will focus on the amplification factor
ofR22,GR22

≡ R22�x2�∕R22�x1� in the present study. Figure 3b shows
the distribution of R22 at different values of Mt. As expected, with
increasingMt, R22 decreases significantly in the postshock region as
the turbulence moves downstream.
To understand the significant changesR22 undergoes as turbulence

interacts with the shock, it is useful to look at the corresponding
budget, which can be written as

ρu1
∂R22

∂x1
� 2p 0 ∂u

0 0
2

∂x2
� 2u 0 0

2

∂σ2j
∂xj

−
∂ρu 0 0

1 u
0 0
2 u

0 0
2

∂x1
� 2

∂σ 0
12u

0 0
2

∂x1

− 2σ 0
2j

∂u 0 0
2

∂xj
(3)

where q represents an appropriately defined average of variable q,
and q 0 and q 0 0 are the fluctuations around Reynolds ( �q) and Favre
(ρq∕ρ) averages, respectively. The transient terms are dropped
because the flow under consideration is taken only after it has reached
a statistically stationary state where temporal averages are utilized to
improve statistical convergence. Because the flow is statistically
homogeneous in the transverse directions, the corresponding trans-
port terms in that direction vanish as well and are, thus, not included
in Eq. (3). The term on the left-hand side of the equation represents
convection. On the right, the terms are pressure–dilatation, mass-flux
viscous work, turbulent transport, viscous transport, and turbulent
dissipation, respectively. Figure 4 shows those budget terms for
wrinkled and broken regimes. In both cases, the transport of R22 is
dominated by pressure–dilatation and dissipation, with other terms
being negligibly small. We can also see that the contribution of
pressure–dilatation decreases while dissipation becomes more
important for interactions in the broken regimes compared to those
in the wrinkled regime. By keeping only these two dominant proc-
esses, the budget for R22 reads

ρu1
∂R22

∂x1
≈ 2p 0 ∂u

0 0
2

∂x2
− 2σ 0

2j

∂u 0 0
2

∂xj
(4)

Under an LIA framework, one further assumes that viscous effects
are negligible, in which case the transport equation for R22 is

-1 0 1 2
0.5

1

1.5

2

Fig. 2 Distributions of R11 (blue) and R22 (red) normalized by their
upstream value atM � 1.4, Rλ ≈ 25, andMt � 0.23. Dashed lines at x1,
xs, x2 0 , and x2 for reference. L is the integral length scale at x1.

a) b)

Fig. 1 Instantaneousdistributions of a)u 0 0
1 andb)u 0 0

2 atM � 1.4,Rλ ∼ 25, andMt � 0.23. The turbulent flows convect from left to right and interactwith
the shock in the domain.
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ρu1
∂R22

∂x1
≈ 2p 0 ∂u

0 0
2

∂x2
(5)

Indeed, using LIA, it is possible to obtain an explicit expression for

the two terms as recently shown in [8]. Figure 5 shows the ratio of the

pressure–dilatation and convection in Eq. (5) at x2 so obtained from
LIA [8]. We can see that LIA predicts an imbalance between pres-

sure–dilatation and convection contradicting the simplified budget

(5). There is only a small range of M (roughly ΔM ∼ 0.1 − 1) in
which the two budget terms are in approximate balance, consistent

with Eq. (5). A plausible explanation for the imbalance observed

outside of this limited range is that, according to the theory, the

equation governing the momentum in the transverse direction is

assumed to comprise only the irrotational part of the transverse

velocity [24]. The result is a decoupling of pressure with the trans-
verse component of velocity.
The fact that LIA cannot capture the correct behavior for pressure–

dilatation generally may not be surprising given that whether LIA
applies or not depends on not only on the mean Mach numberM but
also on characteristics of the turbulence upstream of the shock. In
particular, Chen andDonzis [17] showed that, formoderateM, LIA is

valid whenK < Ktr, whereK � Mt∕R
1∕2
λ ΔM and its transitionvalue

is given byKtr � 0.03∕ΔM2∕3. Or, written in terms of the governing

parameters, Mt∕�ΔM1∕3R
1∕2
λ � < 0.03, which is not satisfied for the

data here. It is, thus, not surprising that LIA cannot capture the
dominant processes.
Similarlywe can plot the amplification factor forR22 againstΔM in

Fig. 6a, where we see that LIA generally overpredicts the present data
as well as all other data collected from the literature. Based on our
previous discussion, the disagreement is associated with the discrep-
ancy between LIA and budget analysis when pressure–dilatation
(a function of M alone within LIA) does not balance convection.
The need to include Mt and Rλ was stressed before [7,17,19,25] and
is, thus, also expected to play a role in the scaling of R22.
A plausible approach to incorporate these effects is, in a manner

analogous R11, to examine the dependence of R22 on K instead of
justM, which has indeed been shown to collapse available data for
R11. This is what is shown in Fig. 6b, where we observe that K-
scaling provides a good collapse ofGR22

from ourDNSdatabase and

several others in the literature. However, there seems to be a larger
scatter at low K. This is consistent with the behavior of R11, which
transitions to LIA scaling (i.e., scaling withM alone) at lowK [17].
In fact, it may be possible that at lower K the data in Fig. 6b
approach GR22

≈ 2 [the high-M asymptote seen in part (a) of the

figure]. While this is not unambiguously observed here, it may be
possible that more data in this regime will uncover a similar tran-
sition for R22.
A best fit of the data yields GR22

� 0.68K−0.2 (for both wrinkled
and broken regimes), which exhibits a smaller exponent than the

longitudinal Reynolds stress GR11
� 0.75K−0.25 [19]. This may be

a)

-1 0 1 2
0.2

0.3

0.4

0.5

0.6

0.7

b)

-1 0 1 2
0.6

0.8

1

1.2

1.4

Fig. 3 Distributions of a) R11∕Rjj and b) R22∕R22�x1� at M � 1.4, Rλ ≈ 25, andMt � 0.23 (black),Mt � 0.33 (red), andMt � 0.54 (blue).

a)

-0.5 0 0.5 1
-20

-10

0

10

20

30

x/L

x1 xs x2 x2

b)

-1 0 1 2
-3

-2

-1

0

1

2

3

x/L

Fig. 4 R22 budget terms normalized by dissipation at x1: convection (black), pressure–dilatation (blue), mass-flux viscous work (magenta), dissipation
(red), turbulent transport (green), and viscous transport (brown) at M � 1.4, Rλ ≈ 25, and a) Mt � 0.23 (wrinkled regime) and b) Mt � 0.54 (broken
regime). Dashed lines at x1, xs, x2 0 , and x2 for reference.

10 -2 10 0 10 2
10 -2

10 -1

10 0

10 1

Fig. 5 Ratio of pressure–dilatation (2p 0∂2u 0 0
2 ) to convection (ρu1∂1R22)

from LIA [8] at x2 0 versus ΔM�� M − 1�.
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explained by noting that, in the budget, production from mean flows
is not present for R22. In other words, there is no transfer of energy
from the mean shock gradient directly but instead from internal
energy through pressure–dilatation, which may be less efficient.

IV. Conclusions

The presentwork studied the changeof transverseReynolds stresses
in shock–turbulence interactions. The distribution of R22 changes
drastically across the shock with a clear dependence on turbulent
characteristics upstream of the shock. Budget analysis forR22 showed
that pressure–dilatation and dissipation are the leading terms. LIAwas
used to estimate pressure–dilatationwhen dissipation is dropped under
inviscid assumptions. However, LIA shows an imbalance between the
convection of R22 and pressure–dilatation. The discrepancy is associ-
atedwith the turbulentmechanisms that depend not only onM but also
on turbulence quantities. DNS data in the literature show that the
amplification of R22 is overestimated by LIA when GR22

is plotted

against ΔM. However, GR22
data seem to collapse when plotted as a

functionofK inbothwrinkled andbroken regimes.DNSdata collected

from the literature suggest that GR22
� 0.68K−0.2.
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